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E-mail address: isacomez@hotmail.comThe frictional contact problem for a layer resting on a homogeneous half plane is handled using linear
elasticity theory in this study. The layer is in contact with a rigid cylindrical stamp that is on the layer
and applies a concentrated force in the normal and tangential directions. Friction between the compo-
nent couples of layer–stamp and layer–half plane is taken into account. The problem is reduced to a sys-
tem of singular integral equations, in which the contact pressures and the contact areas are the
unknowns, and it is treated using Fourier transforms and the boundary conditions for the problem.
The system of singular integral equations is solved numerically using the Gauss–Jacobi integration for-
mula with equilibrium and consistency conditions. Numerical results for the contact pressures and the
contact areas are given as a solution for both the frictional and the frictionless cases. This work is the ﬁrst
study that investigates the effect of friction on the receding contact problem of a layer and a half plane
with two contact areas.
 2010 Elsevier Ltd. All rights reserved.1. Introduction
Due to its application in a great variety of structural systems
(such as foundations, pavements in roads and runways, and other
structures consisting of layered media), the contact problem be-
tween two separate bodies pressed against each other has been
widely studied by researchers and scientists.
There are many research studies available in the literature
about the frictionless receding contact problem. Keer et al.
(1972), Ratwani and Erdogan (1973), Civelek and Erdogan (1974),
El-Borgi et al. (2006) and Kahya et al. (2007) approached the prob-
lem in their studies from the framework of the theory of elasticity.
Comez et al. (2004) solved the double receding contact problem for
a rigid stamp and two elastically dissimilar layers. Aksogan et al.
(1997) investigated the non-symmetrical contact problem of an
elastic layer supported by two elastic quarter planes.
In practice, surfaces are never frictionless so that an obvious
extension is to remove the restriction ‘‘frictionless” and consider
the inﬂuence of friction at the contact interface (Jaffar, 1991). Sub-
surface stresses in plane strain due to normal and sliding contact
on a half space with a single layer are considered by King and
O’Sullivan (1987). Jaffar (1991) examined the sliding contact be-
tween a rigid cylindrical punch and a strip that is bonded or unb-
onded to a rigid foundation. Porter and Hills (2002) investigated
adhesive and frictionless contact between a half plane and an elas-ll rights reserved.tic layer indented by a square ended rigid punch. Sliding contact
between a coated system and a substrate, with the assumption
of a perfect bond, is investigated by Ma and Korsunsky (2004)
and Ma et al. (2006).
The frictional contact problems of a functionally graded coating
bonded to a half space are given in Guler and Erdogan (2004, 2007)
and Ke and ve Wang (2007). Bodurog˘lu and Delale (1980) studied
the receding contact problem of a layer pressed against a half plane
with a concentrated load in the presence of friction. The numerical
analysis of a coated substrate with normal and sliding contacts was
studied using FEM by Anderson and Collins (1995). Garrido et al.
(1991) investigated the receding contact problem in the presence
of friction with BEM. Frictional contact between a thin strip and
a symmetric roller was studied with BEM by Nowell and Hills
(1988).
Although there is much research available in the literature re-
lated to the receding contact problem of a layer and a half plane,
in these studies the effect of friction has not been investigated. In
this study, the effect of friction is considered for the plane receding
contact problem of an elastic layer resting on a half plane. A force
having normal and tangential components is applied to the layer
through a rigid cylindrical stamp. The effect of the gravitational
force is neglected. The friction between the stamp and the layer
and between the layer and the half plane are taken into account.
It is assumed that the entire contact areas are subject to sliding
conditions. The tangential traction on the contact areas are related
to the contact pressures by Coulomb’s law, qðxÞ ¼ gpðxÞ, where
g is the friction coefﬁcient. With this assumption to provide
Notation
a; b contact widths under the stamp
c; d contact widths between the layer and the half plane
j subscript (for the layer j ¼ 1, and for the half plane
j ¼ 2)
h layer thickness
P;Q concentrated normal force, tangential force
p1ðxÞ contact pressure under the stamp
p2ðxÞ contact pressure between the layer and the half plane
R radius of the cylindrical stamp
wðxÞ weight function
g coefﬁcient of friction
/ðxÞ dimensionless contact pressure
lj shear modulus
Uj;wj inverse Fourier transforms of the displacements
mj Poisson’s ratio
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quires the limitations of equivalency of the friction coefﬁcients be-
tween the couples of the layer and the stamp and the half plane
and the layer. The problem is reduced to a system of singular equa-
tions, in which the contact areas and the contact pressures are un-
known and those are to be handled using the boundary conditions
of the problem and integral transform techniques, such as Fourier
transforms. The system of singular integral equations is then
solved numerically by following the Gauss–Jacobi integration for-
mula. Numerical results for the contact areas and the contact pres-
sures are given for both frictional and frictionless contacts.2. General expressions for displacement and stress
Fig. 1 shows an elastic, homogeneous, isotropic layer having a
thickness h that lies on an elastic half plane and is subjected to a
concentrated normal force P and a tangential force Qð¼ gPÞ
through a rigid cylindrical stamp. While the stamp and the layer
are in contact over the interval ða; bÞ the layer and the half plane
are in contact over the interval ðc; dÞ.
In the absence of body forces, the two-dimensional Navier
equations can be written as given in (1a) and (1b)
kj þ lj
  @
@x
@uj
@x
þ @v j
@y
 
þ ljr2uj ¼ 0 ð1aÞ
kj þ lj
  @
@y
@uj
@x
þ @v j
@y
 
þ ljr2v j ¼ 0 ð1bÞ
where u and v are the x- and y-components of the displacement
vector and lj and kj are the Lamé constants. The subscript
j ðj ¼ 1;2Þ refers to the layer and the half plane, respectively.
Using the Fourier transform technique, the following expres-
sions may be written as:a b
c d
P
Q
x
y
h1
2
Fig. 1. Geometry of the problem.ujðx; yÞ ¼ 12p
Z 1
1
Ujða; yÞeiax da ð2aÞ
v jðx; yÞ ¼ 12p
Z 1
1
wjða; yÞeiax da ð2bÞwhere the Uj and wj functions are the inverse Fourier transforms of
uj and v j, respectively. After taking the derivatives of Eqs. (2a) and
(2b) and substituting them into Eqs. (1a) and (1b), if the resulting
second order differential equations are solved, the displacement
expressions for the layer and half plane are obtained.
The displacement expressions for the layer areu1ðx; yÞ ¼ 12p
Z 1
1
ðA1 þ B1yÞeay þ ðC1 þ D1yÞeay½ eiax da ð3aÞ
v1ðx; yÞ ¼  12p i
Z 1
1
A1 þ j1a þ y
 
B1
h i
eay
h
þ C1 þ j1a  y
 
D1
h i
eay
i
eiax da ð3bÞ
The displacement expressions for the homogeneous half plane
areu2ðx; yÞ ¼ 12p
Z 1
1
ðC2 þ D2yÞejajy
 
eiax da ð4aÞ
v2ðx; yÞ ¼  12p i
Z 1
1
jaj
a
C2 þ j2jaj  y
 	
D2
 
ejajy
 
 eiax da ð4bÞwhere jj ¼ 3 4mj for plane strain and mj is the Poisson’s ratio.
A1;B1;Cj and Dj ðj ¼ 1;2Þ are the unknown functions that will be
determined by incorporating the boundary conditions of the prob-
lem. Using Hook’s law and Eqs. (3a,b) and (4a,b), the stress compo-
nents for the layer and the half plane can be written as follows:
The stress components for the layer arerx1ðx; yÞ
2l1
¼  1
2p
i
Z 1
1
a A1eay þ j1  32a þ y
 	
B1eay

þC1eay þ y j1  12a
 	
D1eay

eiax da
ry1ðx; yÞ
2l1
¼ 1
2p
i
Z 1
1
a A1eay þ j1 þ 12a þ y
 	
B1eay

þC1eay þ y j1 þ 12a
 	
D1eay

eiax da
sxy1ðx; yÞ
2l1
¼  1
2p
Z 1
1
a A1eay þ j1  12a þ y
 	
B1eay

C1eay  y j1  12a
 	
D1eay

eiax da
ð5a;b; cÞ
The stress components for the half plane are
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2l2
¼  1
2p
i
Z 1
1
a C2ejajy þ y j2  32jaj
 	
D2ejajy
 
eiax da ð6aÞ
ry2ðx; yÞ
2l2
¼ 1
2p
i
Z 1
1
a C2ejajy þ y j2 þ 12jaj
 	
D2ejajy
 
eiax da ð6bÞ
sxy2ðx; yÞ
2l2
¼ 1
2p
Z 1
1
jaj C2ejajy þ y j2  12jaj
 	
D2eay
 
eiax da ð6cÞ3. The boundary conditions and the singular integral equations
The boundary conditions for the frictional contact problem out-
lined above can be deﬁned as follows:
ry1ðx; 0Þ ¼
p1ðxÞ a < x < b
0 x 6 a; xP b

 
ð7aÞ
sxy1ðx; 0Þ ¼
g1p1ðxÞ a < x < b
0 x 6 a; xP b

 
ð7bÞ
ry1ðx;hÞ ¼ ry2ðx;hÞ 1 < x < 1 ð7cÞ
sxy1ðx;hÞ ¼ sxy2ðx;hÞ 1 < x < 1 ð7dÞ
ry2ðx;hÞ ¼
p2ðxÞ c < x < d
0 x 6 c; xP d

 
ð7eÞ
sxy2ðx;hÞ ¼
g2p2ðxÞ c < x < d
0 x 6 c; xP d

 
ð7fÞ
@v1ðx; 0Þ
@x
¼ FðxÞ  a < x < b ð8aÞ
@
@x
½v1ðx;hÞ  v2ðx;hÞ ¼ 0  c < x < d ð8bÞ
where p1ðxÞ and p2ðxÞ are the unknown contact pressures on the
contact areas ða; bÞ and ðc; dÞ, respectively. FðxÞ is the derivative
of the stamp proﬁle for a cylindrical stamp of radius R; one may
write:
FðxÞ ¼ x
R
ð9Þ
Using the boundary conditions given by (7), the unknown con-
stants A1;B1;Cj and Dj ðj ¼ 1;2Þ, appearing in the stress and the dis-
placement expressions, can be obtained in terms of the unknown
contact pressures p1ðxÞ and p2ðxÞ. Substituting them into the mixed
boundary conditions (8a) and (8b), the following system of singu-
lar integral equations is obtained:
x1p1ðx1Þ þ
c1
p
Z b
a
p1ðt1Þ
1
t1  x1 þ k11ðx1; t1Þ
 
dt1
 1
p
Z d
c
k12ðx1; t2Þp2ðt2Þdt2 ¼ Hðx1Þ ð10aÞ
x2p2ðx2Þ þ
c2
p
Z d
c
1
t2  x2 þ k22ðx2; t2Þ
 
p2ðt2Þdt2
 1
p
Z b
a
p1ðt1Þk21ðx2; t1Þdt1 ¼ 0 ð10bÞ
where
x1 ¼ g1
ðj1  1Þ
j1 þ 1 ; x2
¼ g2
ðj2  1Þ mðj1  1Þ
j2 þ 1þmðj1 þ 1Þ ; c1 ¼ c2 ¼ 1 ð11a;b; cÞ
Hðx1Þ ¼ 4l1j1 þ 1
x1
R
; m ¼ l2
l1
ð12Þ
The expressions for k11ðx1; t1Þ; k12ðx1; t2Þ; k21ðx2; t1Þ and
k22ðx2; t2Þ from Eq. (10) are given in Appendix A.In the system of singular integral Eqs. (10a) and (10b), in addi-
tion to the contact pressures p1ðxÞ and p2ðxÞ, the contact areas
‘‘a; b; c; d” are also unknown a priori. Additional conditions are
needed for a complete solution of the problem. The contact pres-
sures must satisfy the equilibrium conditions, which can be ex-
pressed asZ b
a
p1ðtÞdt ¼ P;
Z d
c
p2ðtÞdt ¼ P ð13a;bÞ
g1
Z b
a
p1ðtÞdt ¼ Q ; g2
Z d
c
p2ðtÞdt ¼ Q ð13c;dÞ4. On the Solution of the System of Integral Equations
The contact pressure values p1ðxÞ and p2ðxÞ vanish at the ends
because of the smooth contact at the end points, thereby the index
of the integral Eqs. (10a) and (10b) are 1 (Erdogan and Gupta,
1972). The following dimensionless quantities are deﬁned to attain
a numerical solution for the integral equations:
t1 ¼ aþ b2 r1 þ
b a
2
; x1 ¼ aþ b2 s1 þ
b a
2
ð14aÞ
t2 ¼ dþ c2 r2 þ
d c
2
; x2 ¼ dþ c2 s2 þ
d c
2
ð14bÞ
/1ðs1Þ ¼
p1ðs1Þ
P=h
; /2ðs2Þ ¼
p2ðs2Þ
P=h
ð14cÞ
Using these dimensionless quantities, the integral Eqs. (10a)
and (10b) can be written as:
x1/1ðs1Þ þ
c1
p
Z 1
1
/1ðr1Þ
1
r1  s1 þ k

11ðs1; r1Þ
 
dr1
 1
p
Z 1
1
k12ðs1; r2Þ/2ðr2Þdr2 ¼ Hðs1Þ ð15aÞ
x2/2ðs2Þ þ
c2
p
Z 1
1
/2ðr2Þ
1
r2  s2 þ k

22ðs2; r2Þ
 
dr2
 1
p
Z 1
1
k21ðs2; r1Þ/1ðr1Þdr1 ¼ 0 ð15bÞ
where
j11ðs1; r1Þ ¼
bþ a
2h
k11ðs1; r1Þ; j12ðs1; r2Þ ¼
c þ d
2h
k12ðs1; r2Þ
ð16a;bÞ
j21ðs2; r1Þ ¼
bþ a
2h
k21ðs2; r1Þ; j22ðs2; r2Þ ¼
c þ d
2h
k22ðs2; r2Þ
ð16c;dÞ
Hðs1Þ ¼ 4j1 þ 1
G1
P=h
1
R=h
bþ a
2h
s1 þ b a2h
 	
ð17Þ
Similarly, the equilibrium conditions become
bþ a
2h
Z 1
1
/1ðr1Þdr1 ¼ 1;
c þ d
2h
Z 1
1
/2ðr2Þdr2 ¼ 1 ð18a;bÞ
Because of the presence of the ﬁrst terms in the integral equa-
tions, (10a) and (10b) are of the second kind. The solution of the
integral equations can be expressed as
/jðrjÞ ¼ gjðrjÞwjðrjÞ ð19Þ
where wjðrjÞ is the weight function of /jðrjÞ. Using the Gauss–Jacobi
integration formulas (Erdogan and Gupta, 1972; Krenk, 1975) the
integral equations and the equilibrium conditions become
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i¼1
WN1ig1ðr1iÞ
1
r1i  s1k þ k11ðs1k; r1iÞ
 
þ
XN
i¼1
WN1ig2ðr2iÞk12ðs1; r2Þ ¼ Hðs1kÞ
k ¼ 1;2 . . .N þ 1
XN
i¼1
WN2ig1ðr1iÞk21ðs2k; r1iÞ
þ
XN
i¼1
WN2ig2ðr2iÞ
1
r2i  s2k þ k22ðs2k; r2iÞ
 
¼ 0
k ¼ 1;2 . . .N þ 1
ð20a;bÞ
bþ a
2h
XN
i¼1
WN1ig1ðr1iÞ ¼
1
p
;
dþ c
2h
XN
i¼1
WN2ig2ðr2iÞ ¼
1
p
ð21a;bÞ
where
wjðrjÞ ¼ ð1 rjÞaj ð1þ rjÞbj j ¼ 1;2 ð22Þ
aj ¼ 12pi ln
xj  icj
xj þ icj
" #
þ N0j ð23aÞ
bj ¼ 
1
2pi
ln
xj  icj
xj þ icj
" #
þM0j ð23bÞ
N0j and M0j are arbitrary (positive, zero, or negative) integers and
must be determined using the inequality 0 < Re½aj;bj < 1 for the
index 1. rji and sjk are the roots of the related Jacobi polynomials
and WNji is the weighting constant:
P
ðaj ;bjÞ
N ðrjiÞ ¼ 0 i ¼ 1;2; . . . ;N ð24aÞ
P
ðaj ;bjÞ
Nþ1 ðsjkÞ ¼ 0 k ¼ 1;2; . . . ;N þ 1 ð24bÞ
WNji ¼ 
1
p
2N þ aj þ bj
ðN þ 1Þ!
CðN þ aj þ 1ÞCðN þ bj þ 1Þ
CðN þ aj þ bj þ 1Þ
2ðajþbjÞ
P
ðaj ;bjÞ
N
0
ðrjiÞP
ðaj ;bjÞ
Nþ1 rji
ð25Þ
In (20a) and (20b) the additional equations (provided by
sj1; . . . ; sjNþ1Þ are equivalent to the consistency conditions of the
integral equations, and an equation corresponding to one of the
sji’s can be used to determine ‘‘a; b; c; d” with the equilibrium
conditions (21a, b). Thus, Eqs. (20a, b) and (21a, b) provide
2N þ 4 algebraic equations to determine 2N þ 4 unknowns, which
are g1ðr1iÞ; g2ðr2iÞ; ði ¼ 1; . . . ;NÞ, and the contact areas ‘‘a; b; c; d”.
The system of equations is linear for g1ðr1iÞ and g2ðr2iÞ, but highly
nonlinear for ‘‘a; b; c; d”. Therefore, suitable iterative techniques
have to be used. The contact areas ‘‘a; b; c; d” initially are esti-
mated and then g1ðr1iÞ and g2ðr2iÞ are computed. The equilibrium
and the consistency conditions are checked afterwards by substi-
tuting g1ðr1iÞ and g2ðr2iÞ into them.
5. Sliding frictional case
With the assumption that the contact area under the stamp is
subject to sliding conditions ðQ ¼ g1PÞ, three cases may occur for
the friction coefﬁcient between the layer and the half plane:
(i) g2 > g1 ðg2P > QÞ: In this case, equilibrium of the system
cannot be obtained.
(ii) g2 6 g1 ðg2P 6 QÞ: No-slip or partial slip may occur in the
contact area.
(iii) g2 ¼ g1 ¼ g ðg2P ¼ QÞ: The entire contact area is under slid-
ing conditions.In practice, no-slip rarely occurs in the incomplete contact
problem (Ma and Korsunsky, 2004). The contact problem becomes
numerically complex in the partial slip case even for the rigid in-
denter that is on the half plane (Nowell and Hills, 1988), and is
much more difﬁcult in this study.
In this paper, it is assumed that each of the entire contact areas
are subject to sliding conditions and so the friction coefﬁcients
between the couples of the layer and the stamp and the half plane
and the layer are taken to be equivalent to each other
ðg2 ¼ g1 ¼ gÞ.6. Numerical results
The resulting values are the contact widths and the contact
pressures between the stamp and the layer couple and between
the half plane and the layer couple for various dimensionless
quantities, such as l2=l1; R=h; l1=ðP=hÞ; j1; j2 and the friction
coefﬁcient, g. The values l1 and h are related to more than
one-dimensionless quantity, so they should be considered ﬁxed.
The formula for the contact pressure distribution under the
cylindrical stamp is given by Erdogan et al. (1973) in the case of
the frictional contact problem of a half plane indented by a rigid
cylindrical stamp. That formula can be written with dimensionless
quantities as follows:
p1ðx1Þ
P=h
¼ 4ðj1 þ 1Þ
l1
P=h
sinðpa1Þ
R=h
ðb=h x1=hÞa1 ða=hþ x1=hÞb1 ð26Þ
Additionally, in the frictionless case, the contact width between
the stamp and the half plane can be attained using the Hertzian
formula
aþ b
h
¼ 2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
j1 þ 1
2p
R=h
l1=ðP=hÞ
s
ð27Þ
For the comparison of results obtained using formulas (26) and
(27), the layer is treated as a half plane by choosing dimensionless
quantities providing the condition h=ðaþ bÞ > 5.
In this study, with the values of ‘‘R=h ¼ 10; l1=ðP=hÞ
¼ 1000; l2=l1 ¼ 1; j1 ¼ j2 ¼ 2”, the contact width under the
stamp is found as ðaþ bÞ=h ¼ 0:138349 (or h=ðaþ bÞ ¼ 7:228097Þ
in the frictionless case. Using the values ‘‘R=h ¼ 10; l1=ðP=hÞ ¼
1000; l2=l1 ¼ 1; j1 ¼ j2 ¼ 2”, the contact width on the under-
side of the stamp is found as ðaþ bÞ=h ¼ 0:138349 (or
h=ðaþ bÞ ¼ 7:228097Þ in the frictionless case; comparisons with
these dimensionless quantities for the contact pressure distribu-
tion on the underside of the stamp and the results are given in
Fig. 2.
Note that the numerical results for the contact pressure distri-
bution under the stamp are quite close to the results obtained
using formula (26). By using the Hertzian formula, with these val-
ues of the dimensionless quantities, the contact width under the
stamp is found to be ðaþ bÞ=h ¼ 0:138198, which is also consistent
with the result obtained in this study.
Table 1 and Fig. 3 shows the variation of the contact widths
with g. With increasing values of the friction coefﬁcient ðgÞ; b=h
and c=h increase, but a=h and d=h decrease. Furthermore, the total
contact widths ðaþ bÞ=h and ðc þ dÞ=h increase with an increase in
the friction coefﬁcient. Because the transmitted force increases
with the friction coefﬁcient, the equivalent radius R and the normal
load P, the contact areas must increase to transmit the same shear
force. Actually, the transmitted force also increases, as does the
shear force, with an increase in the normal load P, which is ex-
pected to increase the contact areas. As can be observed in Table
2, ðaþ bÞ=h and ðc þ dÞ=h increase with increasing values of R=h
and decreasing values of l2=l1. Note that the contact width be-
-0.1 0 -0.05 0.0 0 0.05 0.1 0
0.0
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5.0
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10.0
(1)
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=
=
η
η
η
hx /
hP
xp
/
)(1
+  Erdogan et. al. (1973) 
      (Formula (26)) 
Fig. 2. Comparison of the contact stress distribution under the stamp with those
from Erdogan et al. (1973). (l2=l1 ¼ 1; R=h ¼ 10; l1=ðP=hÞ ¼ 1000; j1 ¼ j2 ¼ 2.)
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Fig. 3. Variation of the contact widths with friction coefﬁcient, g.
(l2=l1 ¼ 1; R=h ¼ 500; l1=ðP=hÞ ¼ 100; j1 ¼ j2 ¼ 2.)
Table 2
Variation of the contact widths for various values of R=h; l2=l1 and g.
ðl1=ðP=hÞ ¼ 200; j1 ¼ 2; j2 ¼ 2Þ.
l2=l1 Contact widths R=h ¼ 10 R=h ¼ 1000
g ¼ 0 g ¼ 1 g ¼ 0 g ¼ 1
0.2 ðaþ bÞ=h 0.316960 0.324320 6.22160 6.795520
ðc þ dÞ=h 4.339740 5.123316 7.82458 8.687946
10 ðaþ bÞ=h 0.307856 0.320362 2.60344 3.359986
ðc þ dÞ=h 1.850818 5.027972 3.11730 6.265430
Table 1
Variation of the contact widths with friction coefﬁcient,
g ðl2=l1 ¼ 2; R=h ¼ 500; l1=ðP=hÞ ¼ 100; j1 ¼ 2; j2 ¼ 2Þ.
Contact widths between stamp
and layer
Contact widths between layer and
half plane
g a/h b/h (a + b)/2h c/h d/h (c + d)/2h
0 1.50296 1.50296 1.502960 1.85956 1.85956 1.859560
0.2 1.37715 1.66187 1.519510 2.14001 1.68405 1.912030
0.4 1.26194 1.87199 1.566965 2.54398 1.58751 2.065745
0.6 1.14161 2.14014 1.640875 3.05224 1.54544 2.298840
0.8 1.01276 2.45926 1.736010 3.61779 1.53339 2.575590
1 0.877283 2.81336 1.845321 4.21148 1.53153 2.871505
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tact width on the underside of the stamp. In the case of l2=l1 ¼ 10,
the stiff half plane, the contact width between the layer and the
half plane increase considerably with friction.
Figs. 4–7 show the contact pressure distributions along the con-
tact areas for various values of the friction coefﬁcient, g. In the fric--0.2 -0.1 0.0 0.1 0.2 0.3
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Fig. 4. Contact stress distribution under the stamp with friction coefﬁcient, g.
(l2=l1 ¼ 0:2; R=h ¼ 50; l1=ðP=hÞ ¼ 1000; j1 ¼ j2 ¼ 2.)
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Fig. 5. Contact stress distribution between the layer and the half plane with friction
coefﬁcient, g. (l2=l1 ¼ 0:2; R=h ¼ 50; l1=ðP=hÞ ¼ 1000; j1 ¼ j2 ¼ 2.)
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Fig. 8. Contact stress distribution under the stamp for various values of l2=l1 and
g. (R=h ¼ 500; G1=ðP=hÞ ¼ 100; j1 ¼ 2; j2 ¼ 2.)
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Fig. 6. Contact stress distribution under the stamp with friction coefﬁcient, g.
(l2=l1 ¼ 10; R=h ¼ 50; l1=ðP=hÞ ¼ 1000; j1 ¼ j2 ¼ 2.)
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its maximum value occurs at x ¼ 0. The maximum values of the
contact pressure under the stamp, pmax1 ðxÞ=ðP=hÞ, decrease with
friction (Figs. 4 and 6). The maximum values of the contact pres-
sure between the layer and half plane, pmax2 ðxÞ=ðP=hÞ, do not always
decrease with friction. For a compliant half plane, l2=l1 ¼
0:2; pmax2 ðxÞ=ðP=hÞ increases with friction (Fig. 5). Contrarily, for a
stiff half plane, l2=l1 ¼ 10; pmax2 ðxÞ=ðP=hÞ decreases with friction
(Fig. 7).
Figs. 8 and 9 show the contact pressure distribution under the
stamp and between the layer and the half plane for various values
of l2=l1, respectively. In both the friction and frictionless cases,
contact pressure values along the contact areas decrease with
increasing l2=l1. This can be observed in Figs. 10 and 11; the max-
imum values of contact pressure along the contact areas decrease-6.0 -4.0 -2.0 0.0 2.0
0.0
0.2
0.4
0.6
0.8
1.0
1
8.0
4.0
0
=−−−
=−⋅⋅−
=⋅−⋅−
=−−−−
η
η
η
η
hx /
hP
xp
/
)(2
Fig. 7. Contact stress distribution between the layer and the half plane with friction
coefﬁcient, g. (l2=l1 ¼ 10; R=h ¼ 50; l1=ðP=hÞ ¼ 1000; j1 ¼ j2 ¼ 2.)
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0.11
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Fig. 9. Contact stress distribution between the layer and the half plane for various
values of l2=l1 and g. (R=h ¼ 500; G1=ðP=hÞ ¼ 100; j1 ¼ 2; j2 ¼ 2.)with an increasing radius of the stamp, R=h. Since the contact
width is too small for R=h ¼ 10, the high peak occurs at p1ðxÞ=ðP=hÞ.
As is seen in Figs. 8–11, the peak value of the contact pressure
moves in the reverse direction of the tangential force Q while
R=h is increasing and l2=l1 is decreasing.
7. Conclusions
The frictional receding contact problem for an elastic layer on a
half plane is considered. The problem is solved within the frame-
work of the theory of linear elasticity assuming that each of the
contact areas under the stamp and between the layer and the half
plane are under sliding conditions. The contact width between the
stamp and the layer and between the layer and the half plane in-
crease in the presence of friction. The friction does not always
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Fig. 10. Contact stress distribution under the stamp for various values of R=h and g.
(G2=G1 ¼ 1; G1=ðP=hÞ ¼ 200; j1 ¼ 2; j2 ¼ 2.)
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Fig. 11. Contact stress distribution between the layer and the half plane for various
values of R=h and g. (G2=G1 ¼ 1; G1=ðP=hÞ ¼ 200; j1 ¼ 2; j2 ¼ 2.)
1096 _I. Çömez / International Journal of Solids and Structures 47 (2010) 1090–1097decrease the maximum values of the contact pressures on the con-
tact areas and should be taken into account.
This study is limited in that the coefﬁcients of friction are equal
on all the contact areas to provide equilibrium of the system under
sliding conditions and may be developed to remove this restriction.
Appendix A
Expressions of the kernels k11ðx1; t1Þ; k12ðx1; t2Þ; k21ðx2; t1Þ and
k22ðx2; t2Þ appearing in (10) are given below.
k11ðx1; t1Þ ¼ M11ðx1; t1Þ þ g1N11ðx1; t1Þ ðA1Þ
k12ðx1; t2Þ ¼ M12ðx1; t2Þ þ g1N12ðx1; t2Þ ðA2Þ
k21ðx2; t1Þ ¼ u M21ðx2; t1Þ þ g2N21ðx2; t1Þ½  ðA3Þ
k22ðx2; t2Þ ¼ u M22ðx2; t2Þ þ g2N22ðx2; t2Þ½  ðA4Þwhere
M11ðx1; t1Þ ¼
Z 1
0
1
D
e4ah  4ahe2ah  1
h i
 1
 
sinaðt1  x1Þda
ðA5Þ
N11ðx1; t1Þ ¼ j1  1j1 þ 1

Z 1
0
1
D
e4ah þ 2 1þ 4a
2h2
j1  1
 !
e2ah þ 1
" #
þ 1
" #
 cosaðt1  x1Þda
ðA6Þ
M12ðx1; t2Þ ¼
Z 1
0
1
D
2ð1þ ahÞe3ah þ 2ð1þ ahÞeah  sinaðt2  x1Þda
ðA7Þ
N12ðx1; t2Þ ¼
Z 1
0
1
D
2ahe3ah þ 2aheah
h i
cosaðt2  x1Þda ðA8Þ
M21ðx2; t1Þ ¼
Z 1
0
1
D
2ð1 ahÞe3ah  2ð1þ ahÞeah  sinaðt1
 x2Þda ðA9Þ
N21ðx2; t1Þ ¼
Z 1
0
1
D
2ahe3ah þ 2aheah
h i
cosaðt1
 x2Þda ðA10Þ
M22ðx2; t2Þ ¼
Z 1
0
1
D
e4ah þ 1þ 4ahe2ah
h i
þ 1
 
sinaðt2
 x2Þda ðA11Þ
N22ðx2;t2Þ¼
Z 1
0
1
D
e4ahþ1þ2 1þ4a
2h2
j11
 !
e2ah
" #
þ1
" #
cosaðt2
x2Þda
ðA12Þ
D ¼ 1 e4ah þ 2ð1þ 2a2h2Þe2ahu
¼ mðj1 þ 1Þ
mðj1 þ 1Þ þ j2 þ 1 ðA13ÞReferences
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